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We investigate the performance of a certain nonclassicality identifier, expressed via integrated
second-order intensity moments of optical fields, in revealing bipartite entanglement of quantum-
optical frequency combs (QOFCs), which are generated in both spontaneous and stimulated para-
metric down-conversion processes. We show that, by utilizing that nonclassicality identifier, one can
well identify the entanglement of the QOFC directly from the experimentally measured intensity
moments without invoking any state reconstruction techniques or homodyne detection. Moreover,
we demonstrate that the stimulated generation of the QOFC improves the entanglement detection
of these fields with the nonclassicality identifier. Additionally, we show that the nonclassicality
identifier can be expressed in a factorized form of detectors quantum efficiencies and the number
of modes, if the QOFC consists of many copies of the same two-mode twin beam. As an example,
we apply the nonclassicality identifier to two specific types of QOFC, where: (i) the QOFC consists
of many independent two-mode twin beams with non-overlapped spatial frequency modes, and (ii)
the QOFC contains entangled spatial frequency modes which are completely overlapped, i.e., each
mode is entangled with all the remaining modes in the system. We show that, in both cases, the
nonclassicality identifier can reveal bipartite entanglement of the QOFC including noise, and that
it becomes even more sensitive for the stimulated processes.
I. INTRODUCTION
One of the most striking features of quantum mechan-
ics is quantum entanglement [1, 2], which accounts for
the correlations between different parts of a system that
cannot be described within the framework of classical
physics. The development of the notion of the entan-
glement has led to the establishment of new branches
of physics, e.g., quantum information theory [3]. Apart
from its theoretical developments, entanglement has been
already experimentally tested and exploited in quan-
tum cryptography [4, 5], quantum communication [6–10],
quantum metrology [11], quantum information process-
ing [12], and quantum machine learning [13, 14].
In order to implement quantum computation proto-
cols, which utilize quantum properties of light, one needs
highly-entangled quantum networks, e.g., continuous-
variable (CV) cluster states [15]. These CV cluster
states, which are mainly Gaussian states, can be con-
structed from multimode entangled light produced, e.g.,
in quantum-optical frequency combs (QOFCs) [16–20].
For quantum protocols based on discrete-variable cluster
states, see, e.g., the review [21].
On the other hand, the problem arises how to exper-
imentally certify the entanglement of such multimode
states. Methods have been proposed for verifying en-
tanglement of CV states, in particular, Gaussian states.
∗ ievgen.arkhipov@gmail.com
In most cases, these methods utilize various nonclassical-
ity criteria for revealing the entanglement of such light.
These include nonclassicality criteria based on, e.g., field-
amplitude moments [22–30], integrated intensity mo-
ments [24, 31–33], anomalous-field moments [34], and the
measured photocount histograms [35–38], to name a few.
Also, one may apply a CV-version of the Peres-Horodecki
entanglement criterion to the reconstructed state [39, 40],
or can use entanglement witnesses based on the separa-
bility eigenvalue equations [41, 42].
In a real experiment, it is desirable to have a simple,
sensitive, and error robust tool for the entanglement iden-
tification of a detected QOFC. One of such methods in-
cludes a simple measurement of the mean and variance of
the field intensity, which can be performed with the help
of quadratic detectors and/or spectrometers. Of course,
instead of intensities, one has to measure the mean value
and variance of the quadratures of the measured fields.
Nevertheless, the latter seems more complicated from the
experimental point of view, as it requires balanced homo-
dyne detection techniques along with the use of a spatial
light modulator that has to shape the spectral profile of
a local oscillator. Thus, naturally, one would prefer to
resort to some nonclassicality identifiers (NIs) that just
include the first- and second-order intensity moments of
the measured fields.
For two-mode Gaussian states generated via sponta-
neous parametric processes, it has been recently shown
in Ref. [43], that with the help of stimulated emission
and by applying a certain NI, one can conclusively iden-
tify the entanglement of such states, by measuring their
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2intensity moments up to the second order. We note, that
a recent study in Ref. [44] has shown that with the mea-
sured variances of displaced quadratures one can reveal
nonclassicality of any CV state.
In this work, motivated by the results in Ref. [43],
we study a certain NI, which is based on the integrated
second-order intensity moments, to show its applicability
in identifying bipartite entanglement of the QOFC, which
is generated in both spontaneous and stimulation para-
metric down-conversion processes. In particular, we con-
sider two different scenarios: First, the QOFC consists
of many independent two-mode twin beams, i.e., beams
with non-overlapped spatial frequency modes. In the sec-
ond scenario, the QOFC contains completely overlapped
entangled spatial frequency modes, i.e., each mode is en-
tangled with all the rest modes in the system. Most im-
portantly, we show that with the help of the stimulation
emission, one can enhance the sensitivity of the studied
NI in the entanglement detection of the QOFC.
The paper is organized as follows. In Sec. II we briefly
review a theory of spontaneous and stimulated down-
converted QOFC. There, we also introduce a NI, which is
expressed via integrated second-order intensity moments,
and which we use throughout the paper. In Sec. III, we
apply the NI to the QOFC that has non-overlapping en-
tangled spatial frequency modes, i.e., independent two-
mode twin beams. First, we study the performance of
the NI for the two-mode case, and later we generalize
it to any multimode bipartitions. Additionally, we con-
sider the effect of stimulating fields on the performance
of the NI. Section IV is devoted to the case when the
QOFC contains completely overlapped entangled spatial
frequency modes. We show that for such QOFC, the con-
sidered NI also proves to be useful for the identification of
multimode bipartite entanglement, and that the induced
stimulation boosts the performance of a given NI. The
conclusions are drawn in Sec. V.
II. THEORY
A. General QOFC generated in spontaneous and
stimulated down-conversion processes
First, we briefly review the dynamics of the quan-
tum optical frequency comb generated in spontaneous
parametric down-conversion (PDC) process, and that are
driven by an intense classical optical frequency comb.
Later, we focus on the dynamics of the QOFC that
are generated in the stimulated PDC process, where the
stimulating fields can also be classical optical frequency
combs (COFCs).
The dynamics of the spontaneous PDC process is de-
scribed by the following Hamiltonian in the interaction
picture [45, 46]
HI =
∫
dV χ(2)Eˆ−p Eˆ
+
s Eˆ
+
i + h.c., (1)
where Eˆ−p is the negative-frequency part of the electro-
magnetic field operator of the pump COFC field, and Eˆ+s
(Eˆ+i ) is the positive-frequency part of the electromag-
netic field operator of the signal (idler) beam [45]; χ(2) is
the quadratic susceptibility of a nonlinear medium. The
integration in Eq. (1) is performed over the medium vol-
ume V ; h.c. stands for Hermitian conjugate.
In the parametric approximation, the pump field,
which generates the pairs of entangled photons, can be
treated classicaly. Thus, the operator Eˆp, in Eq. (1),
becomes a c-number. For the COFC pump field, which
propagates along the z-axis, the electric-field amplitude
can be written as follows [47]
Ep(t, z) =
∑
m
A(t−m∆T ) exp
(
− iωp(t−m∆T )
−im∆φceo + ikpz
)
= exp(−iωpt+ ikpz)
∞∑
n=−∞
An exp(−inωrt),
(2)
where ωp and kp are the carrier frequency and wave vec-
tor of the pump field, respectively, ωr is the angular fre-
quency difference between the teeth of the COFC sep-
arated by the time interval ∆T = 2pi/ωr. The carrier-
envelope-offset phase is denoted by ∆φceo. The field am-
plitude An corresponds to the nth tooth of the COFC,
i.e., to the nth frequency of the comb spectrum. For
details regarding COFCs, we refer the reader to the ap-
propriate literature, e.g., see Refs. [48, 49].
The operators of the electric fields for both signal and
idler beams, which also propagate alone the z-axis, are
quantized as follows
Eˆ+j = i
∑
kj
kj aˆkj exp(−iωkj t+ ikjz), j = s, i, (3)
where kj =
√
2pi~ωkj/µ2V is the amplitude of the elec-
tric field per photon, µ is the frequency-dependent re-
fractive index, and V is the quantization volume.
Combining now Eqs. (1), (2), and (3), and assuming
that the ideal phase-matching conditions are satisfied [45,
50], i.e., ωp + nωr = ωks + ωki , and kp = ks + ki, one
arrives at the following Hamiltonian
HI = −~
∑
ks,ki
gks,ki aˆks aˆki + h.c., (4)
where gks,ki is a coupling constant proportional to both
amplitude of the nth tooth of the COFC pump An, and
the nonlinear susceptibility χ(2), and which is responsible
for the coupling between the signal and idler modes with
wave vectors ks and ki, respectively. In what follows,
without loss of generality, we assume that gks,ki is a real-
valued parameter. The Hamiltonian in Eq. (4) describes
the dynamics of the generated QOFC.
3If we assume that there are N different spatial fre-
quency modes in a QOFC, then, one can write down the
Heisenberg equations for the boson operators, in Eq. (4),
as follows
dAˆ
dt
= iM Aˆ, (5)
where Aˆ = (aˆ1, aˆ
†
1, . . . , aˆN , aˆ
†
N )
T is a 2N -dimensional
vector of the boson annihilation and creation operators,
and M is a 2N × 2N -dimensional evolution matrix with
elements gks,ki .
The formal solution of Eq. (5) reads as
Aˆ(t) = exp (iM t) Aˆ(0) = SAˆ(0), (6)
where we denoted the matrix exponential as S. Since we
consider a system with a finite number of modes, the ma-
trix S can always be presented as a 2N×2N -dimensional
matrix following the Jordan decomposition of the matrix
M .
The knowledge of the quantum fields of the QOFC in
Eq. (6) allows one to completely characterize QOFC state
through the normally-ordered covariance matrix (CM)
AN , which for an N -mode state is written as [51]:
AN =

A1 A12 · · · A1N
A†12 A2 · · ·
...
...
...
. . .
...
A†1N · · · · · · AN
 . (7)
where Ak and Ajl are the block 2× 2 matrices:
Ak =
(
Bk Ck
C∗k Bk
)
,
Bk = 〈:∆aˆ†k∆aˆk :〉,
Ck = 〈:∆aˆ2k :〉,
(8)
Ajl =
(
D¯∗jl Djl
D∗jl D¯jl
)
,
Djl = 〈:∆aˆj∆aˆl :〉,
D¯jl = 〈:∆aˆ†j∆aˆl :〉,
(9)
where ∆Oˆ = Oˆ − 〈Oˆ〉.
To include quantum thermal noise in the system, we
employ a standard model based on the superpositions
of the signal and noise [46, 52], where the inclusion of
this kind of noise, with the mean noise photon-number
〈n〉, affects only the parameters Bk in Eq. (7), as Bk →
Bk + 〈nk〉, and it leaves the other elements of the AN
unchanged.
In the case of stimulated PDC, i.e., when the gener-
ated QOFC is additionally seeded by stimulating coher-
ent fields, the dynamics of the stimulating fields obeys
the same equation of motion as in Eq. (6) for the boson
operators, namely:
Ξ(t) = SΞ(0), (10)
where Ξ = (ξ1, ξ
∗
1 , . . . , ξN , ξ
∗
N )
T ∈ C2N is a complex vec-
tor of N stimulating coherent fields, and the matrix S is
given in Eq. (6).
With the knowledge of the covariance matrix AN and
the vector of stimulating coherent fields Ξ(t), one can eas-
ily arrive at the generating function GN , as follows [51]:
GN (λ) =
1√
detA′N
n∏
j=1
λj
exp
(
−1
2
Ξ†A′N
−1
Ξ
)
,(11)
where λ = (λ1, . . . , λn) ∈ Rn is a real vector. The
matrix A′N = AN + Λ
−1, where the matrix Λ−1 =
diag(1/λ1, 1/λ1, . . . , 1/λn, 1/λn).
The generating function GN allows one to obtain sta-
tistical moments of integrated intensities of the fields and
also their photon-number probability distribution func-
tion. The integrated-intensity moments 〈W k11 . . .W knn 〉
are obtained from [53]:
〈W k11 . . .W knn 〉 = (−1)k1+···+kn
× ∂
k1+···+knGN (λ)
∂λk11 . . . ∂λ
kn
n
∣∣∣∣∣
λ1=···=λn=0
.(12)
B. Nonclassicality identifier expressed via intensity
moments
One can write down various NIs, expressed in terms
of integrated intensity moments of the first and sec-
ond order. Such an NI can be derived either from a
moments-matrix approach or, e.g., from a majorization
theory [54]. At the same time, as recent studies indi-
cate, the moments-matrix approach enables finding NIs
with better performance than those derived from the ma-
jorization theory [38]. Below, we present two possible
NIs based on second-order intensity moments, obtained
from the moments-matrix approach, for the entangle-
ment identification of bipartite states, i.e., the entan-
glement between two parts, denoted as signal and idler
arms, as follows
E1 = 〈W 2s 〉N 〈W 2i 〉N − 〈WsWi〉2N , (13)
and
E2 = 〈∆W 2s 〉N 〈∆W 2i 〉N − 〈∆Ws∆Wi〉2N , (14)
where ∆W = W − 〈W 〉N , and the moments 〈Wms Wni 〉N
are given in Eq. (12). Whenever E1, E2 < 0, a bipartite
state is considered to be nonclassical, particularly, can be
entangled.
One of the most important properties of the NIs, E1,
and E2, is that, the quantum detection efficiencies ηs and
ηi of the signal- and idler-beam detectors, respectively,
are factorized, i.e.,
Ej(ηs, ηi) = η
2
s η
2
i Ej . (15)
Where on the r.h.s. of Eq. (15), the NIs Ej are for the
ideal case ηs = ηi = 1. Therefore, in what follows, with-
out loss of generality, we always assume that one uses
ideal detectors.
4As it has been already shown in Ref. [51], the NI E1
can be used for complete identification of nonclassicality
of any mixed two-mode Gaussian state by utilizing a cer-
tain coherent displacement to the state. The NI E2, as
our preliminary analysis has shown, does not possesses
this universality. Nevertheless, for particular cases, such
as multimode entangled Gaussian states, the NI E2 can
be even more better than the NI E1. For instance, the
NI E2 has a much simpler dependence on the number of
modes, that can be utilized in more effective state recon-
struction techniques based on this NI. Moreover, in the
next sections, we show that for multimode QOFCs with
either overlapping or non-overlapping spatial frequency
modes, the NI E2 demonstrates a good performance in re-
vealing of bipartite entanglement. Additionally, we show
that the stimulation of a noiseless or low noisy QOFC
boosts the performance of the NI E2. In other words,
the NI E2 increases its negativity with the increasing in-
tensity of stimulating fields. Hereafter, we denote NI E2
simply as E.
In general, the NI E can describe the nonclassicality
of a bipartite state only qualitatively not in quantitative
way. In order to relate this qualitative character of the NI
E to a quantitative measure, we employ the method used
in Ref. [54]. Namely, we establish the correspondence
between the NI E and the Lee’s nonclassicality depth τ ,
which is a good measure of nonclassicality [55]. The oper-
ational meaning of τ is that it determines the amount of
thermal noise, one has to add into both arms of a bipar-
tite system, to remove its nonclassicality. When consid-
ering a two-mode state, we relate τ to the least negative
eigenvalue, taken with opposite sign, of the two-mode
covariance matrix AN [56]. In this case, the condition
τ > 0 is both necessary and sufficient for the nonclassical-
ity of the two-mode state. For the multimode case, when
considering multimode bipartitions involving M modes,
we refer to τM as the τ -parametrized NI, EτM , that can
be written as follows [54]:
EτM = τ
4
M + 2τ
3
M
(
〈Ws〉N + 〈Wi〉N
)
+τ2M
(
〈∆W 2s 〉N + 〈∆W 2i 〉N + 4〈Ws〉N 〈Wi〉N
)
+2τM
(
〈∆W 2s 〉N 〈Wi〉N + 〈∆W 2i 〉N 〈Ws〉N
)
+ EM ,
(16)
which determines the amount of thermal noise τM , that
one also has to add into both signal and idler arms of a
bipartite M -mode state to erase the negativity of EM . In
other words, the amount of nonclassicality τM is defined
from the condition EτM = 0. Importantly, in this case,
the condition τM > 0 is no more necessary but only suf-
ficient for the nonclassicality of a bipartite QOFC state.
Since τM > 0 holds only when EM < 0, according to
Eq. (16). But the condition EM < 0 is sufficient but
not necessary for the nonclassicality identification. The
reason why we resort to the τM , derived from Eq. (16),
and not from the multimode covariance matrix AN , is
FIG. 1. Nonclassicality identifier Esp, given in Eq. (19), ver-
sus the Lee’s nonclassicality depth τ for randomly generated
106 states of a mixed two-mode twin beam using a Monte-
Carlo simulation. Each point on the graph denotes a certain
mixed twin beam state for which Esp and τ are calculated.
Upper and lower red solid curve intersect the line τ = 0 only
at the point Esp = 0.
that for a large number of modes, M  1, the prob-
lem of finding the eigenvalues of a large-size matrix be-
comes computationally hard. Nevertheless, τM can serve
as a nonclassicality quantifier for bipartite states of the
QOFC.
III. ENTANGLEMENT IDENTIFICATION OF
QOFC WITH SPATIALLY NON-OVERLAPPING
FREQUENCY MODES
In this section, we apply the NI E, given in Eq. (14),
to the QOFC that consists of non-overlapping spatial fre-
quency modes, i.e., any spatial frequency mode ks is en-
tangled with only one given mode ki. In other words, this
QOFC is comprised of many independent two-mode twin
beams. We note that, in general, the down-converted fre-
quency modes constituting QOFC, which are generated
by different frequencies of the COFC pump, can overlap.
The latter case is considered in the next section. Here,
instead, we consider the case when such overlapping does
not occur. Such QOFC has already been experimentally
realized in Ref. [57], and, for example, in cavity-enhanced
spontaneous PDC [58–62]. Additionally, to make our
analysis simpler, we will first focus on a two-mode case
and, then, we will proceed to the multimode scenario.
A. Two-mode entanglement
1. Spontaneous PDC
For the QOFC, with non-overlapping spatial frequency
modes, which is generated in a spontaneous PDC, the
boson operators of the signal and idler modes of a two-
5mode twin beam, produced by the nth tooth of the COFC
pump, according to Eq. (6), acquires the following form
aˆs,n(t) = cosh(gnt)aˆs,n(0) + i sinh(gnt)aˆ
†
i,n(0),
aˆi,n(t) = cosh(gnt)aˆi,n(0) + i sinh(gnt)aˆ
†
s,n(0). (17)
For simplicity, we drop the subscript n in the boson op-
erators.
In that case, the covariance matrix AN , in Eq. (7), of
the whole QOFC is factorized on a set of independent 4×
4 matrices, each corresponding to a two-mode twin beam.
The nonzero elements of a given two-mode covariance
matrix read as follows:
Bj = Bp + 〈nj〉, Dsi = i
√
Bp(Bp + 1), j = s, i, (18)
where Bp = sinh
2 gt is the mean photon number of en-
tangled pairs, and 〈nj〉 is the mean thermal noise photon-
number in jth mode.
Combining now together Eqs. (18), (11), and (12), the
NI E, in Eq. (14), can be written as
Esp =
(
BsBi − |Dsi|2
) (
BsBi + |Dsi|2
)
, (19)
where superscript sp in Esp accounts for spontaneous
PDC.
The expression in the first bracket, in Eq. (19), is
a Fourier determinant of the normally-ordered char-
acteristic function of the two-mode twin beam [53].
Hence, when this determinant is negative, the Glauber-
Sudarshan P function, which is the Fourier transform of
the normally-ordered characteristic function, fails to be a
classical distribution function [45, 46]. The latter serves
as a definition of the nonclassicality and, therefore, deter-
mines the entanglement of the twin beam state. There-
fore, whenever a twin beam is entangled, Esp always at-
tains negative values. As such, Esp becomes a genuine NI
for the two-mode twin beams. Figure 1 shows the depen-
dence of the NI Esp on the Lee’s nonclassicality depth τ .
This graph indicates that Esp is a nonclassicality mono-
tone for any mixed two-mode twin beam, i.e., whenever
τ > 0, then Esp < 0.
For pure two-mode twin beams, the NI Esp attains a
simple form
Esp = −B2p(2Bp + 1). (20)
Hence, the more intense is the twin beam the larger is its
entanglement and, thus, the greater is the negativity of
Esp.
2. Stimulated PDC
In a stimulated PDC process, the generated twin beam
at the output of a nonlinear crystal contains a nonzero
coherent part due to the presence of stimulating coher-
ent fields. The stimulation process of the twin beams,
generated by a COFC pump, can be realized by another
0 0.1 0.2 0.3 0.4
-1010
-105
-100
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FIG. 2. Nonclassicality identifier Est, according to Eq. (22),
versus the nonclassicality depth τ for pure stimulated twin
beams. The stimulation is applied only in the signal field. The
NI Est when the stimulating signal field is: ξs = 0 (blue solid
curve), ξs = 10 (green dashed curve), and ξs = 100 (red dotted
curve). The mean photon-number of pairs Bp ∈ (0, 1]. For a
given value of τ , by increasing the intensity of the stimulating
field, the negativity of Est also increases.
COFC that seeds both signal and idler fields. The dy-
namics of such stimulating fields, which stimulate the
nth twin beam, as given in Eq. (17), reads according to
Eq. (10), as follows
ξs(t) = cosh(gt)ξs(0) + i sinh(gt)ξ
∗
i (0),
ξi(t) = cosh(gt)ξi(0) + i sinh(gt)ξ
∗
s (0). (21)
Hereafter, for simplicity, we assume that the stimulation
process is performed by a seeding COFC that stimulates
only the signal field, i.e., ξi(0) = 0.
For pure states, the NI E, then, acquires the following
form
Est =−B2p(2Bp + 1)
−4B2p|ξs(0)|2
[
|ξs(0)|2(Bp + 1) + 3
2
Bp + 1
]
,
(22)
where the first term accounts for the negativity of Est
due to spontaneous emission, and the second term cor-
responds to stimulated emission. For a given value of τ ,
Est increases its negative value with the increasing am-
plitude of stimulating field ξs (see Fig. 2). This means
that, the stronger is the stimulating field ξs, the more
negative is Est. Moreover, as indicated by Eq. (22), Est
is independent of the phase of the stimulating field ξs and
it depends solely on the coherent field intensity.
B. Multimode bipartite entanglement
Now, we apply the NI E, as denoted by EM , for cer-
tifying bipartite entanglement of the multimode QOFC,
consisting of M independent two-mode twin beams. By
6performing bipartition of a multimode twin beam such
that all the signal modes belong to the signal arm, and
all the idler modes to the idler arm, EM , then, can be
written as follows
EM =
M∑
n=1
〈∆W 2s,n〉N
M∑
n=1
〈∆W 2i,n〉N
−
(
M∑
n=1
〈∆Ws,n∆Wi,n〉N
)2
, (23)
where
〈∆W 2a,n〉N= Ba,n
(
Ba,n + 2|ξa,n(t)|2
)
,
〈∆Ws,n∆Wi,n〉N= −2Re
[
ξs,n(t)ξi,n(t)D
∗
si,n
]− |Dsi,n|2.
a = s, i, n = 1, . . . ,M. (24)
Note that we have assumed a general stimulated PDC
process in the derivation of Eq. (24).
If the system is comprised of M copies of the same
two-mode twin beam with the same stimulation, one then
attains
EM = M
2E, (25)
where E is the NI for a two-mode twin beam copy, which
we considered earlier. Thus, the number M of copies
of the same two-mode twin beam serves as a coherent
multiplier of the negativity of EM .
1. Spontaneous PDC
For a multimode spontaneous PDC process, the NI
EM , given in Eq. (23), attains the form
EspM =
M∑
n=1
B2s,n
M∑
n=1
B2i,n −
(
M∑
n=1
|Dsi,n|2
)2
. (26)
For the symmetric case, when
M∑
n=1
B2s,n =
M∑
n=1
B2i,n,
Eq. (26) reduces to
EspM =
M∑
n=1
(
B2s,n − |Dsi,n|2
) M∑
n=1
(
B2s,n + |Dsi,n|2
)
. (27)
It is clearly seen that the first sum in Eq. (27) is the sum
of the Fourier determinants of the normally-ordered char-
acteristic functions of each two-mode twin beam, which
is in analogy to Eq. (19). For the symmetric case, EspM be-
comes the sum of the nonclassicality monotones of each
two-mode twin beam. If the nth two-mode twin beam
is entangled, then it contributes to the total negativity
of EspM . Hence, the larger is the number of entangled
two-mode twin beams in the system, the larger is the
negativity of EspM . The number M of modes serves as a
coherent amplifier for the entanglement detection of EspM ,
also due to the last positive sum in Eq. (27).
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FIG. 3. (a) Various spectral densities of a noiseless
QOFC with M = 200 twin beams with the mean photon
numbers of pairs obeying the Gaussian distribution Bp,n ≡
10−3 exp(−ν2n/2σ2), with σ = 2 (red narrow bars), σ = 1
(green thicker bars), and σ = 0.5 (blue thickest bars). Each
tooth in panel (a) represents a twin beam with two spatially-
separated modes of the same frequency. (b) NI EspM for noise-
less QOFC, according to Eq. (28), versus the nonclassicality
depth τM , defined in Eq. (16), for different spectra Bp,n shown
in panel (a) but with σ in the range σ ∈ [0, 5]. The larger is
the spectral density of the QOFC, the larger is the nonclassi-
cality depth τM , and, thus, the more negative is E
sp
M .
For pure multimode twin beams, EspM in Eq. (27) can
be written as follows
EspM = −
M∑
n=1
Bp,n
(
M∑
n=1
Bp,n(2Bp,n + 1)
)
. (28)
Figure 3 shows the dependence of EspM on the Lee’s non-
classicality depth τM , defined in Eq. (16), for different
spectral distributions of the QOFC displayed in Fig. 3(a).
Therefore, the larger is the spectral energy of the QOFC,
i.e., the larger is the number of the two-mode twin beams,
the larger is the nonclassicality depth τM , and, as a re-
sult, the larger is the negativity of EspM .
2. Stimulated PDC
Now, we consider stimulated PDC, when each nth sig-
nal beam is stimulated in the signal arm by a coherent
field ξs,n. Then, the NI EM , in Eq. (23), for a bipartite
M -mode twin beam state is
EstM = E
sp
M −
M∑
n=1
|ξs,n|2fn, (29)
where EspM is given in Eq. (26), fn is a function of both
number of the modes M and elements of covariance ma-
trix AN of the multimode QOFC. Whenever each two-
mode twin beam of a given QOFC is entangled, then
fn ≥ 0. Meaning that, in this case, stimulating fields
improve the performance of EstM .
As in the two-mode case, this stimulation leads to the
enhancement of the NI EstM (see Fig. 4). At the same
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FIG. 4. Nonclassicality identifier EstM versus nonclassi-
cality depth τM for a given bipartition of the stimulated
noiseless QOFC, where both signal and idler arms contain
M = 200 modes, for different QOFC spectra at Bp,n ≡
10−3 exp(−ν2n/2σ2), σ ∈ [0, 5]. The twin beams are stim-
ulated only in the signal modes. The coherent stimulating
field ξs in the signal arm is set to: ξs = 0 (blue solid curve),
ξs = 1 (green dashed curve), ξs = 10 (orange dotted curve),
and ξs = 100 (red dash-dotted curve). The real spectra of
the stimulating coherent field that stimulates the nth signal
mode is |ξs,n| ≡ |ξs| exp(−ν2n/2σ2). With the increasing inten-
sities of the stimulating fields, the sensitivity to noise of EstM
also increases. Moreover, for very large stimulating fields, the
amount of noise τM , needed to make E
st
M positive, becomes
independent of the intensity of the coherent field.
time, as Fig. 4 shows, EstM becomes very sensitive to noise.
Namely, by increasing the intensities of the stimulating
fields, EstM becomes more negative, but at the expense of
losing the tolerance to larger noise.
We note that, although the application of the NI EM
in Eq. (23) to the multimode twin beam seems straight-
forward, in practical situations, to separate the signal
and idler modes might be difficult. Thus, the following
problem arises: How to perform an appropriate biparti-
tion that EM can detect conclusively the modes entan-
glement. In this case, one needs to implement all possible
bipartitions for EM to reveal the maximal total entan-
glement of the multimode twin beam state.
IV. ENTANGLEMENT IDENTIFICATION OF
QOFC WITH SPATIALLY OVERLAPPING
FREQUENCY MODES
In this section, we discuss another type of a QOFC,
namely, when the signal mode of a twin beam generated
by the nth tooth of the COFC pump spatially overlaps
with the signal or idler modes of the other twin beams
produced by different or the same OFC teeth. As a re-
sult, one cannot simply divide such QOFC into a set of
independent two-mode twin beams, as it was the case
discussed in Sec. III.
Now, we consider the following interaction Hamilto-
nian
Hˆ = −~g
∑
ks,ki
aˆks aˆki + h.c., (30)
where we assume that the coupling strength g for each
generated entangled pair is the same and real. As
Eq. (30) implies, any spatial frequency mode ks is equally
coupled to various spatial frequency modes ki. Meaning
that a given ks mode can contain photons that are simul-
taneously entangled to different modes ki.
For this case, when the Hamiltonian in Eq. (30) con-
tains N different spatial frequency modes, the evolution
2N×2N matrix, in Eq. (5), takes the formM = gL1⊗L2,
where
L1 =
(
0 1
−1 0
)
, L2 =

0 1 . . . 1
1 0 . . . 1
... . . .
. . .
...
1 . . . 1 0
 , (31)
and L2 is a N × N hollow matrix of ones, i.e., all its
elements equal one, except the main diagonal elements
which are zero.
The elements of the symmetric exponential matrix
S = exp (iM t), in Eq. (6), after straightforward but
some algebra, can be found as follows
Sj,j =
1
2N
(
cosh[(N − 1)gt] + (N − 1) cosh[gt]
)
,
Sj,j+1 =
i
2N
(
sinh[(N − 1)gt]− (N − 1) sinh[gt]
)
,
Sj,2k+1 =
1
2N
(
cosh[(N − 1)gt]− (N − 1) cosh[gt]
)
,
Sj,2k+2 =
i
2N
(
sinh[(N − 1)gt] + (N − 1) sinh[gt]
)
,
(32)
for j = 1, . . . , N , and k = 1, . . . , N − 1. Having the ma-
trix S, we can immediately obtain the normally-ordered
covariance matrix AN in Eq. (7). Thus, by combining
Eqs. (7) and (32), we obtain the elements of the matrix
AN , which read as follows
Bp,j =
1
2N
(
cosh[2(N − 1)gt] + (N − 1) cosh[2gt]
)
− 1
2
,
Cj =
i
2N
(
sinh[2(N − 1)gt]− (N − 1) sinh[2gt]
)
,
Djk =
i
2N
(
sinh[2(N − 1)gt] + (N − 1) sinh[2gt]
)
,
D¯jk =
1
N
(
sinh2[(N − 1)gt]− sinh2[gt]
)
, (33)
for j, k = 1, . . . , N . Since the parameter Bp,j does not
account for mean photon-numbers of pairs anymore, as it
was in Sec. III, we will call it simply as the mean photon
number of vacuum fluctuations of the spatial frequency
mode j. Considering the stimulation process, where each
frequency mode of the QOFC is seeded by a coherent field
ξj , the dynamics of these stimulating fields obeys Eq. (10)
with the matrix S, given in Eq. (32).
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FIG. 5. (a) Nonclassicality identifier Esp versus nonclassical-
ity depth τ for any two spatial frequency modes of the noise-
less QOFC without stimulation. (b) The same as in panel (a)
but for the mixed two-mode state. The total number of spa-
tial frequency modes of the generated QOFC is N = 100, and
the mean photon number of vacuum fluctuations and ther-
mal noise photon number in each spatial frequency mode is
Bp,j , 〈nj〉 ∈ [0, 1], respectively. In general, Esp is not a mono-
tone of τ . Nevertheless, whenever τ > 0.5/N , Esp is always a
monotone of τ .
A. Two-mode entanglement
1. Spontaneous PDC
For two-mode entanglement of the QOFC generated
in spontaneous PDC with spatially overlapped frequency
modes, the NI E, after applying Eq. (14), reads as follows
Espjk =
(
B2j + |Cj |2
) (
B2k + |Ck|2
)− (|Djk|2 + |D¯jk|2)2 ,
(34)
where Bj = Bp,j + 〈nj〉 with the mean thermal noise
photon-number 〈nj〉 in the jth mode, and Bp,j , Cj , Djk,
and D¯jk are given in Eq. (33). For simplicity, we will
drop the subscripts in Eq. (34), as we are interested only
in two-mode states.
For noiseless QOFC, there is one-to-one correspon-
dence between the NI Esp and the Lee’s nonclassicality
depth τ [see Fig. 5(a)]. The latter means that with the
increasing entanglement between two given modes of the
QOFC, the negativity of Esp also increases.
In general, Esp in Eq. (34) fails to detect entanglement
between two different spatial frequency modes for noisy
QOFC. Namely, as Fig. 5(b) indicates, there is a region
of nonclassicality and entanglement, where the NI Esp is
positive. Nevertheless, as our numerical findings show,
for a two-mode state with large nonclassicality, i.e., with
large values of τ , the NI Esp is always a monotone of τ .
Moreover, for large number of modes, N  1, generated
in QOFC, there is a bound for τ . Namely, whenever τ >
0.5/N , the NI Esp is always negative [see Fig. 5(b)]. In
other words, with the increasing N number of the modes
in the QOFC, the NI Esp tends to become a genuine
monotone of τ . We note that the value τ = 0.5 is a
maximal value of the nonclassicality depth, which can be
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FIG. 6. Nonclassicality identifier Est versus nonclassicality
depth τ for any two spatial frequency modes of the stimulated
noiseless QOFC. The stimulation is applied only in one spatial
frequency mode that does not belong to the given two-mode
state. The amplitude of the stimulating field is: ξ = 0 (yellow
solid curve), ξ = 10 (green dashed curve), ξ = 50 (blue dotted
curve), ξ = 100 (violet dash-dotted curve). The total number
of spatial frequency modes of the generated QOFC is N =
100, and the mean photon number of vacuum fluctuations
in each spatial frequency mode is Bp,j ∈ [0, 1]. The NI Est
is independent on the phase of ξ. For a given value of τ ,
Est exhibits larger negative values for larger stimulating-field
amplitudes.
reached by a Gaussian state.
2. Stimulated PDC
For the stimulated QOFC, the variances
〈∆Wmj ∆Wnk 〉N of the integrated intensity moments,
defined in Eq. (12), read as follows
〈∆W 2j 〉N = B2j + |Cj |2 + 2B2j |ξj |2 + 2Re
[
Cjξ
∗
j
2
]
,
〈∆Wj∆Wk〉N = |Djk|2 + |D¯jk|2
+2Re
[
Djkξ
∗
j ξ
∗
k
]
+ 2Re
[
D¯jkξjξ
∗
k
]
. (35)
For noiseless QOFC, even when seeding either the kth
mode that does not belong to a given two-mode state,
the negativity of the NI Est increases with the increasing
seeding field ξk (see Fig. 6). Moreover, E
st is independent
on the phase of the stimulating signal field ξk.
B. Multimode bipartite entanglement
For a bipartite state that contains M modes in both
signal and idler arms, the applied EM , given in Eq. (14),
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FIG. 7. Nonclassicality identifier EspM versus nonclassicality
depth τM for a certain bipartition of the fields of a noise-
less QOFC, where each part contains the following number
of spatially-frequency modes: M = 1 (yellow solid curve),
M = 3 (green dashed curve), and M = 6 (blue dash-dotted
curve). The total number of spatial frequency modes of the
generated QOFC is N = 100, and the mean photon num-
ber of vacuum fluctuations in each spatial frequency mode is
Bp,j ∈ [0, 1]. The NI EstM displays a larger negativity when
one includes more spatial frequency modes in a given bipar-
tition.
takes the following form
EM =
〈 M∑
j=1
∆W1,j
2〉
N
〈 M∑
j=1
∆W2,j
2〉
N
−
〈
M∑
j=1
∆W1,j
M∑
k=1
∆W2,k
〉2
N
. (36)
We note that, compared to Eq. (23), Eq. (36) has a more
complicated form due to the simultaneous presence of
auto- and cross-correlations in both arms denoted as W1
and W2. Since each of those arms contains M modes
which are also entangled. In other words, each term in
Eq. (36) consists of a sum of different single- and two-
mode integrated intensity moments, given in Eq. (35).
For a symmetric system, i.e., when all the modes are
statistically equivalent, the terms in Eq. (36) can be sim-
plified as follows
〈 M∑
j=1
∆W1,j
2〉
N
= M
〈
∆W 2j
〉
N
+M(M − 1)〈∆Wj∆Wk〉N ,〈
M∑
j=1
∆W1,j
M∑
k=1
∆W2,k
〉
N
= M2〈∆Wj∆Wk〉N , (37)
where
〈
∆W 2j
〉
N and 〈∆Wj∆Wk〉N are given in Eq. (35).
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FIG. 8. Nonclassicality identifier EstM versus nonclassicality
depth τM for a bipartition where each part contains three spa-
tial frequency modes for the case of the stimulated noiseless
QOFC. The stimulation occurs only in one spatial frequency
mode that does not belong to a given bipartition. The ampli-
tude ξ of the stimulating field is: ξ = 0 (yellow solid curve),
ξ = 10 (green dashed curve), ξ = 50 (blue dotted curve),
ξ = 100 (violet dash-dotted curve). The total number of spa-
tial frequency modes of the generated QOFC is N = 100,
and the mean photon number of vacuum fluctuations in each
mode is Bp,j ∈ [0, 1].
1. Spontaneous PDC
In the case of the spontaneous PDC, the negativity of
the NI EspM is increasing with the increasing number M
of the modes involved in a given bipartition (see Fig. 7).
This means, that by inserting another pair of the spatial
frequency modes into the bipartition, one boosts the per-
formance of EspM in the entanglement detection of a given
state.
2. Stimulated PDC
For a stimulated QOFC, the NI EstM again enhances its
sensitivity to detect bipartite entanglement (see Fig. 8).
But for larger stimulating fields, the NI EstM becomes less
resistant to noise (see Fig. 8). Note that, as in the two-
mode case, in order to boost the performance of EstM , it
is not necessary to stimulate the measured fields. It is
already enough to seed only one of all the N modes of
the QOFC, which does not belong to a given bipartition,
in order to make EstM more negative.
V. CONCLUSIONS
In this study, we have shown the usefulness of the non-
classicality identifier, given in Eq. (14), to detect the
bipartite entanglement of the QOFC generated in both
spontaneous PDC and stimulated PDC processes. This
NI is expressed via integrated second-order intensity mo-
10
ments of the detected optical fields which makes it a con-
venient and powerful tool for the experimental detection
of the entangled modes in QOFCs. We have considered
two different cases where a QOFC was comprised either
by spatially non-overlapping or completely overlapping
frequency modes. We have demonstrated that in both
cases the NI displays a good performance in revealing bi-
partite entanglement for noisy QOFC. Most importantly,
with the help of strong stimulating fields, one can suffi-
ciently increase the efficiency of a given NI to reveal the
entanglement of QOFCs, but at the expense of a higher
sensitivity to thermal noise.
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